Abstract. Let R be a Noetherian ring and let C be a semidualizing R-module. In this paper, by using the classes P C and I C , we extend the notions of perfect and coperfect modules introduced by D.Rees [14] and O.Jenda [12] . First, we study the basic properties of these modules and relations between them. Next, we characterize local rings in terms of the existence of special perfect (resp. coperfect) modules.
introduction
Throughout this paper, R is a commutative Noetherian ring with non-zero identity. Recall that the grade of M , defined by D. Rees [14] , is the least integer i ≥ 0 such that Ext i R (M, R) = 0. He showed that if M is finitely generated, then grade R (M ) is the length of a maximal R-sequence contained in Ann R (M ). An R-module M is called perfect (resp. n-perfect) if one has grade R (M ) = pd R (M ) (resp. grade R (M ) = n = pd R (M )) where n is a non-negative integer. He, also, showed that grade R (M ) is the least integer i ≥ 0 such that Ext i R (M, P ) = 0 for some projective R-module P . As a dual notion of grade, O. Jenda [12] introduced an invariant, namely E-dimension. For an R-module M , E-dimension of M , denoted by E-dim R (M ), is the least integer i ≥ 0 such that Ext i R (I, M ) = 0 for some injective R-module I. Also, M is called a coperfect (resp. n-coperfect) R-module if one has E-dim R (M ) = id R (M ) (resp. E-dim R (M ) = n = id R (M )). A finitely generated R-module C is semidualizing if the natural homothety map R −→ Hom R (C, C) is an isomorphism and Ext i R (C, C) = 0 for all i > 0. Semidualizing modules have been studied by Foxby [6] , Vasconcelos [17] and Golod [8] . For a semidualizing R-module C, the class of C-projectives (resp. C-injectives), denoted P C (resp. I C ), consists of those R-modules of the form C ⊗ R P (resp. Hom R (C, I)) for some projective (resp. injective) R-module P (resp. I). In [11] , H. Holm and D. White showed that for an R-module M , there exists a projective resolution (resp. injective coresolution) by modules from P C (resp. I C ). Despite the fact that these (co)resolutions may not be exact, they still have good lifting properties.
By using these (co)resolutions, R. Takahashi and D. White [16] defined two new homological dimensions, namely C-pd and C-id . Recently, B. Kubik [13] , introduced the dual notion of semidualizing modules, namely quasidualizing modules. Over a local ring (R, m), an Artinian R-module T is quasidualizing if the natural homothety map R −→ Hom R (T, T ) is an isomorphism and Ext i R (T, T ) = 0 for all i > 0. In section 2, for an R-module M , we introduce two invariant for modules, namely P C -grade R (M ) and I C -grade R (M ) as generalization of the classical invariants grade R (M ) and E-dim R (M ), respectively. We study the basic properties of these new invariants and the relations of them with the relative homological dimensions C-pd R (M ) and C-id R (M ). For instance, the following result, proved in Theorem 3.11, is a generalization of [12, Theorem 3.1] .
Theorem A. Let M be a finitely generated R-module and let I be an injective R-module for which Hom R (M, I) = 0. Then P C -grade R (M ) ≤ I C -grade R (Hom R (M, I)) ≤ C-pd R (M ).
Next, we define the notions of C-perfect (resp. n-C-perfect) and C-coperfect (resp. n-C-coperfect) modules, and use them to impose some conditions on C to be dualizing. The next result is Theorem 3.19.
Theorem B. Let (R, m) be a local ring with dim (R) = n an let C be a semidualizing R-module. The following are equivalent:
We, also, use n-perfect (resp. n-coperfect) modules to characterize local rings. We find some special n-perfect (resp. n-coperfect) modules whose existence imply the Regularity (resp. Gorensteinness) of the ring. For instance, the following result is Theorem 3.20.
Theorem C. Let (R, m) be a local ring with dim (R) = n. The following are equivalent:
(ii) any quasidualizing R-module is n-perfect.
(iii) there exists an n-perfect quasidualizing R-module with 1-dimensional socle.
preliminaries
In this section, we recall some definitions and facts which are needed throughout this paper. By an injective cogenerator, we always mean an injective R-module E for which Hom R (M, E) = 0 whenever M is a nonzero R-module. For an R-module M , the injective hull of M , is always denoted by E(M ). Definition 2.1. Let X be a class of R-modules and M an R-module. An X -resolution of M is a complex of R-modules in X of the form
So that in particular X -pd R (0) = −∞. The modules of X -projective dimension zero are precisely the non-zero modules in X . The terms of X -coresolution and X -id are defined dually.
Definition 2.2.
A finitely generated R-module C is semidualizing if it satisfies the following conditions:
(i) The natural homothety map R −→ Hom R (C, C) is an isomorphism.
(ii) Ext i R (C, C) = 0 for all i > 0. For example a finitely generated projective R-module of rank 1 is semidualizing. An Rmodule D is dualizing if it is semidualizing and that id R (D) < ∞. Moreover, D is pointwise dualizing if D m is dualizing R m -module for any m ∈ Max (R). For example the canonical module of a Cohen-Macaulay local ring, if exists, is dualizing.
Assume that (R, m) is local. Following [13] , an Artinian R-module T is called quasidualizing if it satisfies the following conditions:
For example E(R/m) is a quasidualizing R-module. Definition 2.3. Following [10] , let C be a semidualizing R-module. We set P C (R) = the subcategory of R-modules C ⊗ R P where P is a projective R-module.
I C (R) = the subcategory of R-modules Hom R (C, I) where I is an injective Rmodule.
The R-modules in P C (R) and I C (R) are called C-projective and C-injective, respectively. If C = R, then it recovers the classes of projective and injective modules, respectively. We use the notations C-pd and C-id instead of P C -pd and I C -id , respectively. (ii) If R → S is a flat ring homomorphism, then C ⊗ R S is a semidualizing S-module.
(iii) If x ∈ R is R-regular, then C/xC is a semidualizing R/xR-module.
(iv) depth R (C) = depth (R).
Proof. The parts (i), (ii) and (iii) follow from the definition of semidualizing modules. For (iv), note that an element of R is R-regular if and only if it is C-regular since Ass (C) = Ass (R). Now an easy induction yields the equality. Definition 2.5. Let C be a semidualizing R-module. The Auslander class with respect to C is the class A C (R) of R-modules M such that:
The Bass class with respect to C is the class B C (R) of R-modules M such that:
The class A C (R) contains all R-modules of finite projective dimension and those of finite Cinjective dimension. Also the class B C (R) contains all R-modules of finite injective dimension and those of finite C-projective dimension (see [16, Corollary 2.9]). Also, if any two Rmodules in a short exact sequence are in A C (R) (resp. B C (R)), then so is the third (see [11, Corollary 6 .3]). Definition 2.6. Let M be a non-zero R-module. Following [14] , the grade of M , denoted by grade R (M ), is defined to be
Also, M is called a perfect R-module precisely when grade R (M ) = pd R (M ). Following [12] , the E-dimension of M , denoted by E-dim R (M ), is defined to be
Theorem 2.7. Let C be a semidualizing R-module and let M be an R-module.
Proof. See [16, Theorem 2.11].
Lemma 2.8. Let C be a semidualizing R-module and let M be a finitely generated R-module.
Let E be an injective cogenerator and F be a faithfully flat R-module.
Proof. (i). We have the following equalities
in which the first equality is from Theorem 2.7(i), the second equality is from [5, Theorem 3.2.11], the fourth equality holds since Hom R (C, M ) is finitely generated, and the last one is from Theorem 2.7(ii).
(ii). One has
in which the first and the last equalities are from Theorem 2.7(i).
main results
Throughout this section, C is a semidualizing R-module. In the rest of the paper, we use the notations P-grade R (M ) and
respectively.
, is defined to be
Also, the I C -grade of M , denoted by I C -grade R (M ), is defined to be
Remark 3.2. One should note that if C = R, then the above definition recovers the notions of [14] and [12] , respectively. It is clear that
. Also, note that if M is finitely generated, then
, and so Ext n R (M, C) = 0. Therefore, we have
Lemma 3.3. Assume that M is an R-module. The following statements hold true.
Proof. (i).
We may assume that C-pd R (M ) = n < ∞, since otherwise we have nothing to prove. In this case, we have M ∈ B C (R). By Theorem 2.7(ii), we have pd R (Hom R (C, M )) = n. For any projective R-module P , we have the isomorphisms
in which the first isomorphism holds since M ∈ B C (R), the second isomorphism is from 
(ii). Is similar to the part (i).
Definition 3.4. Let n be a non-negative integer. An R-module M is said to be C-perfect
Note that if C = R, then the above definition recovers the notions of [14] and [12] , respectively. Proposition 3.5. Let M be an R-module.
Proof. (i). For any projective R-module P , we have the isomorphisms (ii). Is similar to the part (i).
Lemma 3.6. Let M be an R-module with C-id R (M ) < ∞ and let n be a non-negative integer. The following are equivalent:
. Now, for any injective R-module I, we have the isomorphisms
in which the first isomorphism holds because M ∈ A C (R), the second isomorphism is from there is an exact sequence 
Lemma 3.7. Let M be an R-module with C-pd R (M ) < ∞ and let n be a non-negative integer. The following are equivalent:
Proof. Is dual to the proof of Lemma 3.6.
Proposition 3.8. Let M be an R-module and let n be a non-negative integer. The following statements hold true. 
whence M is n-C-perfect.
(ii). Is dual of part (i).
Theorem 3.9. Let M and N be R-modules. The following statements hold true.
(ii) Assume that P C -grade R (N ) = n and C-pd R (M ) = m < n. Then Ext 
(ii). Is similar to (i). 
(iv) One has P C -grade R (R/a) ≤ C-pd R (R/p), for all p ∈ ass R (a).
Proof. For (i) and (iii) use Theorem 3.9(i), and for (ii) and (iv) use Theorem 3.9(ii).
Theorem 3.11. Let M be a finitely generated R-module and let I be an injective R-module for which Hom R (M, I) = 0. Then
Proof. By Remark 3.2, we have 
in which the first inequality is from Lemma 3.3(ii), the second equality is from [5, Theorem 3.2.11], the third equality holds because Hom R (C, M ) is finitely generated, and the other equalities are from Theorem 2.7. This completes the proof.
Corollary 3.12. Let M be a finitely generated R-module and let E be an injective cogenerator. Then
Proof. in view of Theorem 3.11, we need only to prove the inequality '≥'. Assume that i is a non-negative integer for which Ext i R (Hom R (C, I), Hom R (M, E)) = 0 for any injective R-module I. Thus, in particular, Ext (ii) One has P C -grade R (R/m) = n.
(iii) One has I C -grade R (R/m) = n.
Proof. (i)=⇒(ii). In this case, by Proposition 2.4(iv)
, we have depth R (C) = n. Hence, according to Remark 3.2, we have
(ii)=⇒(iii). Use Corollary 3.12, the isomorphism Hom R (R/m, E(R/m)) ∼ = R/m, and the fact that E(R/m) is an injective cogenerator. 
where the second isomorphism is from [ R (R/m, C) = 0 for all 0 ≤ i < n, from which we conclude that
Therefore R is Cohen-Macaulay.
Theorem 3.14. Let E be an injective cogenerator. The following are equivalent:
(ii) One has P C -grade R (Ext 
Now, since Ext
is finitely generated, we have
(ii)⇐⇒(iii). By using Corollary 3.12 and the isomorphism [5, Theorem 3.2.13], we have
(ii)=⇒(i). Assume that m is a maximal ideal of R. For any finitely generated R-module M and any i = 0, we set a (ii) One has depth (R) ≤ width R (M ) + C-id R (M ).
Proof. (i).
We can assume that C-pd R (M ) < ∞, since otherwise we have nothing to prove.
We have P C -grade R (R/m) = P-grade R (R/m) = depth (R) by Remark 3.2. Hence we have
(ii). We can assume that C-id R (M ) < ∞, since otherwise we have nothing to prove. We Lemma 3.16. Let M be a finitely generated R-module and let I be an injective R-module for which Hom R (M, I) = 0.
(ii) If I is an injective cogenerator, then the converse of (i) holds true.
Assume that M is n-C-perfect. Then C-pd R (M ) = n, and hence M ∈ B C (R). Therefore, by [11, Proposition 7.2(b)], we have Hom R (M, I) ∈ A C (R). Hence we have the
in which the first inequality is from Theorem 3.11, the second inequality is from Lemma 3.3(ii), and the first and the last equalities are from Theorem 2.7. Hence Hom R (M, I) is n-C-coperfect.
(ii). Use Lemma 2.8(i) and Corollary 3.12.
Corollary 3.17. Let (R, m) be local with dim (R) = n. The following are equivalent:
(ii) R/m is n-C-perfect.
Proof. (i)=⇒(ii). In this case, by [3, Corollary 8.6], we have C = R, and then
(ii)=⇒(iii). Use Lemma 3.16, the isomorphism Hom R (R/m, E(R/m)) ∼ = R/m, and the fact that E(R/m) is an injective cogenerator.
(iii)=⇒(i). Note that C ⊗ R R/m is a finite dimensional vector space over R/m. Therefore, by Theorem 2.7(i) and the assumption, we have 
in which the first equality is from Theorem 2.7(ii), and the second equality is AuslanderBuchsbaum formula. Hence, in view of Lemma 3.7, we have Ext i R (M, P C ) = 0 for all i > n. Next, since R is Cohen-Macaulay, there are equalities
Thus, since M is finitely generated, we have Ext i R (M, P C ) = 0 for all i < n by [5, Theorem 3.2.15] . Hence M is n-C-perfect by Proposition 3.8(i).
(ii)=⇒(iii). Use Lemma 3.16 and the fact that E(R/m) is an injective cogenerator.
(iii)=⇒(i). We have the equalities
in which the first equality holds since R is Cohen-Macaulay, the second equality holds by Remark 3.3, the third equality holds by Corollary 3.12, and the fourth equality holds by assumption. Hence, M is Cohen-Macaulay. 
we have pd R (Hom R (C, E(R/m))) ≤ n, from which we conclude that C-pd R (E(R/m)) = pd R (Hom R (C, E(R/m))) = n by Theorem 2.7(ii). Next, note that the minimal injective resolution of C is of the form
Let P be a projective R-module. Applying the exact functor − ⊗ R P on the ( †), we get the following exact complex
which is an injective resolution for C ⊗ R P . By [5, Theorem 3.3.12] , the injective R-module E(R/p) ⊗ R P is a direct sum of copies of E(R/p) for each p ∈ Spec (R). Therefore, since
Hom R (E(R/m), E(R/p)) = 0 for any prime ideal p = m, we have Ext
Hence, E(R/m) is n-C-perfect by proposition 3.8(i), as wanted.
(ii)⇐⇒(iii). Note that Hom R (C, E(R/m)) ∈ A C (R). Now, E(R/m) is n-C-perfect if and only if P C -grade R (E(R/m)) = C-pd R (E(R/m)) = n, and this is the case if and only if P-grade R (Hom R (C, E(R/m))) = pd R (Hom R (C, E(R/m))) = n by Theorem 2.7(ii) and Lemma 3.3(i).
(i)=⇒(iv). First, note that there are equalities
in which the second equality is from Theorem 2.7(i) and the last one is from Lemma 2.8(ii). 
Thus Ext i R (I C , R) = 0 for all i = 0 and Ext n R (Hom R (C, E(R/m)), R) = 0. Consequently, R is n-C-coperfect by Proposition 3.8(ii).
(iv)⇐⇒(v). Note that R ∈ A C (R), and so C ∼ = C ⊗ R R ∈ B C (R) by [16, Theorem 2.8(b)]. Now, R is n-C-coperfect if and only if I C -grade R ( R) = C-id R ( R) = n, and this is the case if and only if I-grade R ( C) = id R ( C) = n by Theorem 2.7(i) and Lemma 3.3(ii).
where the first equality is from Theorem 2.7(i), the second equality is from Lemma 2.8(ii), and the last equality is the assumption. Hence C is dualizing.
Recall that for an R-module M , the i-th local cohomology module of M with respect to an ideal a of R, denoted by H 
(iii) there exists an n-perfect quasidualizing R-module with 1-dimensional socle. 
Proof. (i)=⇒(ii
in which the first isomorphism holds because T is Matlis reflexive over R. Now, if P is a projective R-module, then it is free and hence by using the minimal injective resolution of R, we have µ i (p, P ) = 0 for all i = ht (p). Therefore Ext Thus, since pd R (E(R/m)) = n, the R-module T = E(R/m) is n-perfect by Proposition
3.8(i).
(ii)=⇒(iii). The desired module is E(R/m). is an n-perfect R-module with 1-dimensional socle. On the other hand, R is Gorenstein if and only if R is so. Hence, we can replace R by R and assume that R is complete. In the new case, by [13, Theorem 3.1] , there exists a semidualizing R-module C for which C ∼ = Hom R (T, E(R/m)). Thus we have id R (C) ≤ pd R (T ) = n, whence C is dualizing, and hence the (in)equalities dim (R) = dim R (C) ≤ id R (C) = depth (R), show that R is Cohen-Macaulay. Now, we can use local duality [2, Theorem 11. (ii) there exists an n-perfect quasidualizing R-module.
Proof. (i)=⇒(ii)
. By assumption, R has a dualizing module, say D. Now, by Theorem 3.19 and [13, theorem 3.1], Hom R (D, E(R/m)) is an n-perfect quasidualizing R-module.
(ii)=⇒(i). Suppose that T is an n-perfect quasidualizing R-module. Then by [13, theorem 3.1], there exists a semidualizing module C for which T = Hom R (C, E(R/m)). Now, we have id R (C) ≤ pd (T ) = n, whence C is dualizing and R is Cohen-Macaulay. More precisely, if there exists an n-perfect quasidualizing R-module, then is R Gorenstein?
